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 ℕ0 = ℕ {0}  

 ℕ𝑝 = {0, 1, 2, … p − 1} 

 p: Base of the number system. 

 k: # of variables.  

 j: Function number. 

For p = 2: Boolean Functions ∶ An well known  

theory in Mathematics. 

Denote: A k − variables Boolean Function as  fj
2,k

. 
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Notations 



Let, fj
p,k: ℕ𝑝

k → ℕ𝑝 

We have defined an Association Function named as Integral Value 

Transformation Γ: 𝔖𝑝,𝑘 → 𝔗𝑝,𝑘  

𝔖𝑝,𝑘  denote the set of all p-adic, k-variables functions. 

    Γ fj
p,k = IVTj

p,k 

Therefore, 𝔗𝑝,𝑘  is the set of all p-adic, k dimensional 

 Integral Value Transformations (IVTs). 
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Definition of IVT 
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In case of IVTs, The domain of action is extended from ℕ𝑝 toℕ0.  



An Example 
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Set of One Dimensional IVTs 
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Algebraic Structures on  

But the multiplicative inverse of non-zero IVTs does not exist. 

So We have failed to proceed to Field Structure. 
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An Attempt to Make Field Structure  
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 Immediate Expectations 

• Would it be at all possible to have Field Structure on the 
set of IVTs? 

• Main Problem: Distributive Law (Compatibility of 
Binary Operations).  

    So, Is there any protocol to design to make two binary   
operations Compatible (Distributive) on a set of interest? 

• Basic Question: How can we ensure the Existence or 
Non-Existence about the structure of Group, Ring, Field 
on a set of interest?  
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Vector Space and Module Structure  
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Basis Functions for The Vector Space  
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Now, 

• We have a way expressing any function in the p-adic 

function space  in terms of the basis functions of the 

p-adic space. 

 

• Next we would like to see the relation between 

functions in the p-adic and (p+1)-adic function 

spaces. To do this , we have devised a mechanism by 

defining a transformation between the bases sets of 

each space which can be extended to the whole space. 
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p-adic to (p+1)-adic basis functions 

Then T is an Isomorphism.  
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An Illustration for the basis functions  

Through the Transformation ,   

, we have 
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Extension of T leads to… 
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Some properties of IVT 
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 Thus,  so far some of the algebraic properties of the 

space of Integral Value Transformations have been 

highlighted . 

  

Now, we will explore some analytical notions like 

derivability of these functions.  
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Derivability of IVT’s 

• For any function, to introduce the notion of 

derivability at a point, we first talk of the 

neighborhood of a point . 

 

• Since IVT’s are discrete functions, the neighborhood 

around a point will be a discrete set. Let us see the 

difference in the concept of neighborhood in the 

continuous and discrete cases.  
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Neighborhood around a point  
    In case neighbourhood of a point in a continuous domain, it’s 

defined as below 

 

 

 

 

 

     

   Next we define an operator on the space of functions for derivability 

at a point. 

 

 

19 



Differentiation 
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We see that…. 
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An illustration 
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Another example.. 
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What is now? 

 

As of now we have done some rudimentary algebraic 
and analytical structures on the set of IVTs, which 
enable us to study some analytical work namely 
Dynamical Systems of IVTs. 
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Discrete Dynamical System 
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Discrete Dynamical System of IVT 
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Collatz Conjecture (1937) 
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Who is Collatz? 

 Lothar Collatz was a German mathematician. In 1937 
he posed the famous Collatz conjecture, during his 
PhD. 

 
Prof. Collatz was convinced that mathematics 
and mathematicians had a responsibility to 
apply their results to, and be motivated by, real 
world phenomena. He never wearied of fighting 
for this conviction. 

(6th July 1910-26th Sept.1990)  29 



Collatz Conjecture 

This is the conjecture also known as the 3n + 1 conjecture 
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An illustration 

Now we are free to play with some other natural numbers as we wish. 
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It is worth to be aware of the facts: 

• The conjecture remains Unanswered, although it has been 
shown to be valid for all natural numbers up to 5.764 
*1018 . 

• Professor Paul Erdős once commented on the Collatz 
conjecture: "Mathematics is not yet ready for such 
problems”.  
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Generalizations and Analogue Conjectures 

Conjecture in the domain of Rational Numbers 
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Further generalization  

Conjecture:  Consider an iterative scheme  

 

There exists a positive integer k such that   

This is how we can make the general conjecture in modulo n system. 
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A Collatz type Conjecture of Prof. Mridul K. Sen 
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So where is the challenge? 

 

Challenge: To define an analogue Conjecture and  
  

 to prove or disprove it! 

    This, in our view, will be one step forward towards the 
settlement of Collatz Conjecture in the sense that we may 
get some clue for settling the original conjecture. 

Let us accept the Challenge.  
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Iterative convergence for few numbers  
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Main Result of the Collatz like Conjecture in IVT 

Lemma: 
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Main Proof is based on Mathematical Induction 
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Convergence behavior of Collatz and IVT 
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Affine Discrete Dynamical Systems 

Consider  

• Xn+1 = 𝐴. IVT#
p,1 Xn , n ≥ 0… (P1) 

• Xn+1 = 𝐴. IVT#
p,1 Xn + 𝐵, n ≥ 0… (P2)  

• Xn+1 = IVT#
p,1 a. Xn , n ≥ 0… (P3) 

• Xn+1 = IVT#
p,1 a. Xn + 𝑏 , n ≥ 0… (P4) 

 
𝑎, 𝐴, 𝑏, 𝑎𝑛𝑑 𝐵 𝑎𝑟𝑒 𝑓𝑖𝑥𝑒𝑑 𝑁𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠. 
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Graph of IVTs as 1st Iteration 
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Graph of IVTs as 1st Iteration 

IIT Bhubaneswar, 4th July, 2012 44 



Graph of IVTs as 1st Iteration 
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Inferences… 
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Non-Periodicity, Non-Linearity of ADDS 
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Current Problems and Scopes 
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Suppose IVT#
p,1:  ℕ0 → ℕ0  

 
Consider, Xn+1 = IVT#

p,1 Xn , n ≥ 0 
 
 
Given that for every X0 ϵ ℕ0, there exists a  m ϵ ℕ such that  
Xm = 𝑙. 
Let us call the above hypothesis as P0  
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𝑪𝒂𝒔𝒆: 𝐏𝟏 

Xn+1 = 𝐴. IVT#
p,1 Xn , n ≥ 0 

 

Let   IVT#
p,1 aX = 𝑎 IVT#

p,1 𝑋    

Therefore, Xn+1 = 𝐴
𝑛+1 (IVT#

p,1
)𝑛+1 X0  

 Since, P0 is given to be true, 

So there exists a natural number m such that  (IVT#
p,1)𝑛+1 X0 =

𝑙  

Therefore, Xm = 𝐴
𝑚 (IVT#

p,1
)𝑚 X0 = 𝐴𝑚𝑙. 



 
Similar Cases for P2, P3, & P4  
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Let   IVT#
p,1 aX + bY = 𝑎 IVT#

p,1 𝑋 + 𝑏 IVT#
p,1 𝑌    

Therefore, Xn = 𝐴
𝑛 (IVT#

p,1
)𝑛 X0 +

{𝐴.IVT#
p,1 1 }𝑛−1

𝐴.IVT#
p,1 1 −1

𝐵 + 𝐵 

 Since, P0 is given to be true, 

So there exists a natural number m such that  (IVT#
p,1)𝑛+1 X0 =

𝑙  

Therefore,   Xm= 𝐴
𝑚𝑙 +

{𝐴.IVT#
p,1 1 }𝑚−1

𝐴.IVT#
p,1 1 −1

𝐵 + 𝐵 for 𝐏𝟐 

 

                      Xm = 𝑎
𝑚 (IVT#

p,1
)𝑚 X0 = 𝑎𝑚𝑙 for 𝐏𝟑  

 

                   Xm= 𝑎
𝑚𝑙 +

{𝑎. IVT#
p,1 1 }𝑚 − 1

𝑎. IVT#
p,1 1 − 1

𝑏. IVT#
p,1 1  for 𝐏𝟒 



Observations  

• Linearity of IVTs 

• 𝑇ℎ𝑒 𝑋𝑚  iteration for every intial value  

𝑋0 in the cases  for P1, P2, P3, P4  can be obtained  

whenever P0 is given to be true. 
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Question & Our Conviction… 

* Does there exists at all a single attractor for every initial 
values corresponding to such of the ADDS? 

 

The 𝑋𝑚 iteration for every initial value 𝑋0 depends on m 
(the number of iterations) for each case. 

Therefore, it is our strong belief that … 

There is a Countable Basin of Attractors for each of the 
ADDS of IVTs. 
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Some Unsolved Problems Yet! 

• In Case of Non-linear function, How should we care the 
cases? 

• The cases, we have raised so far are up to Affine Level. 
We have option to extend up to any polynomial of 
degree of our interest.  

In those cases, how do we handle once the case P0 is known. 
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Time to Wrap Up… 

This Mathematics of IVTs is one-fold research work of Home of 

Mathematical Genomics (HMG-ISI Kolkata) (www.isical.ac.in/~hmg).  

 

 

 

For references one may visit publication page at 

www.isical.ac.in/~hmg 
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